Abstract. We give a sufficient condition for strictly positive definiteness in R d . The result is based on the question how sparse subsets of R d can be to guarantee linear independence of the exponentials.
Interpolation by positive definite functions has become a widely used technique in approximation theory and spatial statistics. The basic model is defined as linear combination of translates of a given positive definite function, called basis function. Setting up the collocation matrix for the problem, one has to assume the matrix to be invertible. This is guaranteed if the basis function is assumed to be strictly positive definite. Hereby, a function ϕ : R d → C is called strictly positive definite if for arbitrary different points x 1 , . . . , x m ∈ R d and complex coefficients c 1 , . . . , c m the inequality
holds true. Using Bochner's characterization of continuous positive definite functions as Fourier transforms of bounded non-negative measures it is straightforward to see that verifying condition (1) reduces to checking whether the exponentials are linearly independent over a certain subset of R d . Characterizations of strictly positive definite functions in various settings are given by Chen, Menegatto and Sun [1] , Pinkus [2] , [3] , and Sun [4] . The latter deals with radial functions in R d . 
Remark. Observe that the whole sphere is obviously admissible. Although, an admissible set in S d−1 can be much smaller, for instance a countable set with just one accumulation point.
For a given vector v let P v denote the projection onto the orthogonal complement of v.
Lemma. Given an admissible subset
Proof. By assumption there exist vectors v k as in the definition of admissibility. For each k choose a unit vector w k such that w k ⊥ v k . Consider the set of all differences {x i − x j } i =j . Since they determine only finitely many directions there is a number k such that w k is not parallel to any x i − x j . Hence P v k (x i − x j ) = 0. The main result of the paper is the following.
Theorem. Assume µ is a probability measure on R d such that there are r > 0 and v 0 ∈ R d such that the set (v 0 + r −1 supp µ) ∩ S d−1 is admissible. Then the Fourier transform of µ, i.e.,
is a strictly positive definite function.
Remark. Observe that if the support of µ contains a sphere rS Let v and w be vectors satisfying the statement of the corollary applied to the set A = suppµ ∩ S d−1 . Since A ∩ span {v, w} is infinite we have v sin t + w cos t ∈ A for infinitely many t ∈ [0, 2π). Let a k =< x k , v > and b k =< x k , w > . By the corollary the numbers a k are all different. We may assume that a 1 < a 2 < . . . a m . By (2) we obtain m k=1 c k e ia k sin t+ib k cos t = 0, for infinitely many t ∈ [0, 2π). Since the function on the left hand side depends analytically on t the equality is valid for any complex number t. In particular, let t be purely imaginary, i.e., t = −iu. Then cos t = cosh u and sin t = −i sinh u. Hence c k e (a k −am) sinh u+i(b k −bm) cosh u = 0. Now taking the limit u → +∞ and using the fact that a k < a m for k < m gives c m = 0.
